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Abstract
A question of Mazur asks whether for any non-constant elliptic fibration {Er }r∈Q, the set {r ∈ Q:
rank(Er (Q)) > 0}, if infinite, is dense in R (with respect to the Euclidean topology). This has been proved
to be true for the family of quadratic twists of a fixed elliptic curve by a quadratic or a cubic polynomial.
Here we settle Mazur’s question affirmatively for the general quadratic and cubic fibrations. Moreover we
show that our method works when Q is replaced by any real number field.
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1. Introduction
A one-parameter elliptic fibration over a field K is a family of elliptic curves given by the
Weierstrass equation
Er :Y
2 = X3 +A(r)X +B(r)
where A and B are polynomials over K . The parameter r is allowed to take values in K such
that the discriminant
Δ(r) = −16(4A(r)3 + 27B(r)2)
is non-zero.
E-mail address: rmunshi@math.rutgers.edu.0022-314X/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2006.10.019
R. Munshi / Journal of Number Theory 125 (2007) 254–266 255In [4], Mazur conjectures the following curious behaviour of the arithmetic of elliptic fibra-
tions over the field of rational numbers.
Conjecture 1.1. (See Mazur [4].) Suppose {Er} is an elliptic fibration over Q. Then either
(a) {r ∈ Q: rank(Er(Q)) > 0} is dense in R, or
(b) {r ∈ Q: rank(Er(Q)) > 0} is finite.
Moreover he points out that it is likely that (b) occurs only in the banal case of a constant
fibration.
In this article we consider the more general ‘number field version’ of the conjecture, where Q
is replaced by any real number field K (with a given embedding in R).
For an elliptic fibration {Er} over a real number field K , let us define the set
S := {s ∈ K: rank(Es(K))> 0}
and let |S| denote the cardinality of the set.
Owing to our lack of knowledge about the Mordell–Weil rank of general elliptic curves, it
is not surprising that Mazur’s question still remains open. A natural way to bypass the major
difficulties is to study the question in the light of the standard conjectures, such as the Birch
and Swinnerton–Dyer conjecture, or one of its corollaries, such as the parity conjecture. This
approach was taken up by Rohrlich [9] and Manduchi [2]. They studied the variation of the root
number in certain families of elliptic curves and showed that Mazur’s question has an affirmative
answer under the parity conjecture. On the other hand Rohrlich [9] unconditionally showed that
the above dichotomy is exhibited by the family of quadratic twists by a quadratic polynomial.
Here we settle Mazur’s conjecture in the more general case of the isotrivial quadratic family over
any real number field.
Definition 1.2. By an isotrivial quadratic family of elliptic curves over a number field K , we
mean one of the following types:
(F2) Er :Q(r)Y 2 = X3 + aX + b, or Y 2 = X3 + aQ(r)2X + bQ(r)3;
(F3) Er :Y 2 = X3 + bQ(r)2;
(F4) Er :Y 2 = X3 + aQ(r)X;
(F6) Er :Y 2 = X3 + bQ(r).
Here a, b ∈ K , and Q ∈ K[r] denotes a quadratic polynomial.
Rohrlich’s theorem deals with the case F2 over the field Q. A simple change of variable
reduces the families of type F6 to those of type F2. Hence Rohrlich’s result extends to this case
too. Our task is to settle the two remaining cases.
Theorem 1.3. For families of type F3 and F4 over a real number field K , if S = ∅ then the set S
is dense in R.
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rational points on one elliptic fiber to other fibers using the conics. Of course we have to check
whether the new points obtained this way are of infinite order on the corresponding elliptic fiber.
This is obtained using Silverman’s refinement of the Neron specialization theorem. This works
perfectly well for families of type F4. However for families of type F3, there seems to be a natural
boundary up to which the method works, depending on the location of the given positive rank
fiber. In that case we use the linear stratification to obtain the desired result. Clearly Rohrlich’s
result can be generalized to the case of a real number field in the same way. In fact the same
method works in the case of a general quadratic family defined over any real number field.
Definition 1.4. A family of elliptic curves given by
Er :Y
2 = X3 +Q1(r)X +Q2(r)
where Q1,Q2 ∈ K[r], and max{degQ1,degQ2} = 2, is called a general quadratic family
over K .
Theorem 1.5. Let {Er} be a general quadratic family of elliptic curves over a real number
field K . If S = ∅ then the set S is dense in R.
Next we consider cubic families. Kuwata and Wang [1] have proved Mazur’s conjecture for
the elliptic fibration of quadratic twists by a cubic polynomial. We will extend their result to any
isotrivial cubic family.
Definition 1.6. By an isotrivial cubic family of elliptic curves over a number field K , we mean
one of the following types:
(F˜2) Er :C(r)Y 2 = X3 + aX + b;
(F˜3) Er :Y 2 = X3 + bC(r)2;
(F˜4) Er :Y 2 = X3 + aC(r)X;
(F˜6) Er : Y 2 = X3 + bC(r).
Here C ∈ K[r] denotes a cubic polynomial and a, b ∈ K .
Kuwata and Wang [1] deal with elliptic fibrations of the type F˜2. Here we prove the following
theorem.
Theorem 1.7. For any family of type F˜3 (b > 0), F˜4, and F˜6 over a real number field K , there
exists an absolute constant M , depending only on the degree [K : Q], such that |S|M implies
that the set S is dense in R.
The idea is to find a horizontal elliptic fibration intersecting the given vertical elliptic fibration,
and then to propagate the rational points on one elliptic fiber to other fibers using the horizontal
fibration. The new problem that we face in this case is that a rational point of infinite order on
a vertical fiber may not yield a rational point of infinite order in the horizontal elliptic fiber. To
overcome this difficulty, we show that ‘most’ points P on the vertical fiber, indeed correspond
to points P¯ of infinite order on the horizontal fiber. Then we use the fact that E(K) is dense in
E(R)0 for any elliptic curve E of positive rank over a real number field K .
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Definition 1.8. A family of elliptic curves given by
Er :Y
2 = X3 +C1(r)X +C2(r)
where C1,C2 ∈ K[r], and max{degC1,degC2} = 3, is called a general cubic family over K .
Clearly, fibrations of type F˜4 and F˜6 are special cases of a general cubic family. So Mazur’s
conjecture for these families follows from the following theorem.
Theorem 1.9. Let Er be a general cubic family of elliptic curves over a real number field K .
There exists an absolute constant M , depending only on the degree [K : Q], such that |S|M
implies that the set S is dense in R.
Now we make few comments about the geometric nature of the underlying surfaces for the
fibrations that we consider. Since we are dealing with families of elliptic curves, the K-rational
point at infinity lends itself to certain geometric manipulations. One can prove that the Châtelet
surface associated with an F2 fibration is stably K-rational, but not K-rational. Also the del Pezzo
surfaces associated with the F4, F6 and F˜6 fibrations are cubic surfaces with K-rational points,
hence they are K-unirational. The surface associated with an F˜4 fibration is a del Pezzo surface
of degree 2, which is also known to be K-unirational. So for all these surfaces the set of K-
rational points is (Zariski) dense. On the other hand, surfaces associated with F3, F˜3 and the
general cubic (with degC1 = 3) fibrations are genuine degree 1 del Pezzo surfaces. They are also
expected to have (Zariski) dense set of rational points. Our results supply support to this belief.
A complete discussion of the geometry of these surfaces is available in [3].
Before moving to the next section we make few more remarks.
Remark 1. Mordell [6] has explicitly constructed rational points on fibrations of type F2 (defined
over Q) using his method of quadratic and cubic irrationality.
Remark 2. One can define general linear families and isotrivial linear families of elliptic curves.
Mazur’s conjecture can also be proved for these types of fibrations.
Remark 3. The referee points out that recently Elkies has outlined a heuristic argument sug-
gesting that certain isotrivial families of elliptic curves over Q violate Mazur’s conjectured rule.
These families have degrees much too large and are outside the range of the present article.
2. Preliminaries
2.1. Elliptic curves
One of the main ingredients in the proofs is the following well-known method (see e.g. [11])
of tracking torsion points on an elliptic curve defined over a number field K .
Let E :y2 = x3 +Ax+B be an elliptic curve with A,B ∈ K . Define the division polynomials
ψm inductively as follows:
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ψ2 = 2y,
ψ3 = 3x4 + 6Ax2 + 12Bx −A2,
ψ4 = 4y
(
x6 + 5Ax4 + 20Bx3 − 5A2x2 − 4ABx − 8B2 −A3),
ψ2m+1 = ψm+2ψ3m −ψm−1ψ3m+1, m 2,
2yψ2m = ψm
(
ψm+2ψ2m−1 −ψm−2ψ2m+1
)
, m 2.
Then for a point P = (x, y) ∈ E(K¯),
mP = O if and only if ψm(P ) = 0.
Note that ψ2m is a polynomial only in x of degree m2 − 1, in fact
ψm(x)
2 = m2xm2−1 + lower degree terms.
Considering A and B as free variables we observe that ψ2m is a homogeneous polynomial (of
degree m2 − 1) in Z[x,A,B], where degx = 1, degA = 2 and degB = 3.
The above result implies that on the surface spanned by a one-parameter elliptic fibration the
m-torsion points lie on a curve (defined by ψ2m). In fact the set of all K-rational torsion points on
E clusters on a divisor. In general, this is implied by a deep result of Merel [5]. However in the
case of an elliptic fibration consisting of CM elliptic curves, this follows from the main theorem
of complex multiplication (see e.g. [8,10]).
Next we recall some simple facts about the topology of the group E(K), where K is a real
number field. If rank(E(K)) > 0, then E(K) is a dense subset of E(R)0 (the identity compo-
nent). Also then the set
{
y ∈ K: there exists x ∈ K with (x, y) ∈ E(K)}
is dense in R, and there are K-rational points with arbitrarily large x co-ordinate.
Finally we recall that the quotient Y1(N) := Γ1(N) \ H2, where H2 is the upper half plane
and
Γ1(N) =
{(
a b
c d
)
∈ SL2(Z):
(
a b
c d
)
≡
(
1 ∗
0 1
)
(mod N)
}
,
parametrize isomorphism classes of pairs (E/C,P ) where P is a point on the elliptic curve E of
order N . The modular curve X1(N) is the non-singular projective curve associated with Y1(N).
2.2. Conics
Let K be a real number field. If b2 − 4ac = 0 then the nature of the conic
C/K :u2 = av2 + bv + c
over the field R, depends on the sign of a and that of the discriminant b2 − 4ac. If a > 0 then
the conic is a hyperbola whose nature depends on the sign of the discriminant. If a < 0 and the
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is dense in C(R).
2.3. Elliptic fibrations
Suppose the Weierstrass equation
Er :Y
2 = X3 +A(r)X +B(r)
defines an elliptic fibration over K . Let C be a non-singular curve defined over K . Since A,B ∈
K(C) the above Weierstrass equation also defines an elliptic surface E over C together with a
projection map π :E → C. The sections of this morphism form a group denoted by E(C/K). To
every point P in the generic fiber E(K(C)) we can associate a section σP . This defines a natural
group isomorphism
E
(
K(C))→ E(C/K).
Then for any point t ∈ C, for which Et is non-singular, the map P → σP (t) defines a homomor-
phism
σt :E
(
K(C))→ Et(K).
Silverman’s refinement of Neron specialization theorem (see e.g. [12]) says that the specializa-
tion map σt is injective for all but finitely many points t ∈ C(K).
Silverman’s theorem will be our main tool. But we will also use a different parametrization
of points on certain isotrivial elliptic fibrations which we describe below. The K-rational points
on an isotrivial elliptic fibration (defined over K) are in one-to-one correspondence with the
K-rational points on a (linear) family of pairs of curves. For the elliptic fibration
Et :Y
2 = X3 + b(t2 −Δ)2
defined over a real number field K , the one-to-one correspondence of K-rational points is given
by
∐
d∈R
[
Ed(K)a ×
(
E˜d(K)a − {v = 0}
)]←→ [Et(K)a]t =±√Δ,
(
(x, y), (v,w)
)←→
(
xv2
d2
,
yv3
d3
)
∈ Ew/d(K)
where E(K)a = E(K)− {point at infinity}, R is a set of coset representatives for K∗/K∗3, and
Ed :y2 = x3 + bd2,
E˜d :w2 = v3 +Δd2.
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Then the set
Wd :=
{
w ∈ K: there exists v ∈ K with (v,w) ∈ E˜d(K)}
is dense in R. Also observe that for w ∈Wd and t := w/d , the fiber Et is isomorphic to the
elliptic curve Ed , and hence rank(Et ) = rank(Ed) > 0. Then from above we conclude that {t =
w/d: w ∈Wd} ⊂ S is dense in R.
3. General quadratic families
In this section we study Mazur’s question for a general quadratic family given by
Et :y
2 = x3 +Q1(t)x +Q2(t)
where Q1, Q2 ∈ K[t] are polynomials given by Q1(t) = at2 +bt + c and Q2(t) = dt2 + et +f ,
with at least one of a or d non-zero.
The intersecting conic fibration
Cx :y
2 = (ax + d)t2 + (bx + e)t + (x3 + cx + f )
is obtained by treating x as a parameter and y and t as variables. The discriminant is given by
Δx = (bx + e)2 − 4(ax + d)
(
x3 + cx + f ).
First we consider the case where a > 0 (or a = 0 and d > 0). Then for x large enough Δx < 0
and (ax + d) > 0, hence Cx(R) is a hyperbola.
Now suppose rank(Et0(K)) > 0 for a t0 ∈ K . Pick a K-rational point (x0, y0) with x0 suitably
large so that Cx0 is a hyperbola. Then the set
Θx0 :=
{
t ∈ K: there exists yt ∈ K∗ with (yt , t) ∈ Cx0(K)
}
is dense in R. Now for any t ∈ Θx0 , the elliptic fiber Et contains the rational point (x0, yt ).
To prove that rank(Et (K)) > 0, it is enough to show that the point (x0, yt ) is not a torsion
point. One way to do this is to use division polynomials together with the result of Merel.
However a simpler way is to invoke Silverman’s theorem. Realizing the Weierstrass equation
as defining an elliptic surface over the curve Cx0 , we can view Cx0 as a non-trivial section whose
specialization at the point t0 is not torsion. So the section itself corresponds to a non-torsion point
in the generic fiber. Hence by the specialization theorem (x0, yt ) is not a torsion point for all but
finitely many t ∈ Θx0 . Hence S is dense in R.
On the other hand if a < 0 (or a = 0 and d < 0), then for sufficiently large x0 the conic Cx0 is
an ellipse. Hence the set Θx0 is dense in the interval
[−(bx0 + e)+√Δx0
,
−(bx0 + e)−
√
Δx0
]
.2(ax0 + d) 2(ax0 + d)
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√
Δx0 ∼ 2
√
|a|x40 (or
√
Δx0 ∼ 2
√
|d|x30 when a = 0) as |x0| → ∞, by enlarging x0 we can
make the interval expand asymptotically to R. Again arguing as above we can show that almost
all points in Θx0 belong to the set S . Hence S is dense in R.
This concludes the proof of Theorem 1.5.
4. Families of type F3
For an elliptic fibration of type F3,
Et :Y
2 = X3 + bQ(t)2
the conic fibration is obtained in the following way. Without loss of generality we can take
Q(t) = t2 −Δ, and discard the possible singular fibers t = ±√Δ, if present. Dividing the above
equation by Q(t)2, and then defining new variables y = Y/Q(t) and x = X/Q(t), we get the
conic fibration
Cx :y
2 = Q(t)x3 + b = x3t2 + (b −Δx3)= At2 +B
where A = x3 and B = b −Δx3.
We will first deal with the easy case.
Case 1. Suppose Δ < 0 and rank(Et0) > 0 for a rational number t0. Pick a rational point
(X0, Y0) with x0 = X0/Q(t0) > 0 and suitably large so that B > 0. Then the conic Cx0 is a
hyperbola. Then as before we get that
Θx0 :=
{
t ∈ K: there exists yt ∈ K∗ with (yt , t) ∈ Cx0(K)
}
is dense in R. Now for any t ∈ Θx0 , the elliptic fiber Et contains the K-rational point
(x0Q(t), ytQ(t)). To prove that rank(Et (K)) > 0, we just require to show that the point
(x0Q(t), ytQ(t)) is not a torsion point. This again follows from the specialization theorem. So
for almost all t ∈ Θx0 the corresponding point (x0Q(t), ytQ(t)) is of infinite order. This settles
the case.
Case 2. Assume for the rest of the section that Δ > 0. Suppose rank(Et0) > 0 for a rational
number t0. Then we split into two seperate cases depending on the location of t0.
Case 2A. Suppose t0 is such that Q(t0) = t20 − Δ < 0. Choose a point (X0, Y0), with large
X0 > 0. Then x0 < 0 and B = b − Δx30 > 0. So the conic Cx0 is an ellipse with a rational point
(y = y0, t = t0). By taking X0 suitably large we can ensure that
Θx0 :=
{
t ∈ K: there exists y ∈ K∗ with (y, t) ∈ Cx0(K)
}
is dense in [−√Δ+ ,√Δ− ] for any given  > 0. Arguing as above, we prove that the points
(x0Q(t), ytQ(t)) are of infinite order almost always. Hence
S ∩ [−√Δ,√Δ ] is dense in [−√Δ,√Δ ].
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linear stratification. For any t with rank(Et ) > 0, we write t2 −Δ = u3d , where d ∈R. (Recall
that R stands for a set of coset representatives for K∗/K∗3.) Then (v = ud,w = td) gives a
rational point on the elliptic curve E˜d :w2 = v3 + Δd2. To check whether it is a non-torsion
point we use the division polynomials.
ψ2m
(
ud,A = 0,B = Δd2)= ∑
k+3l=m2−1
ck(ud)
k
(
d2
)l
= d2(m2−1)/3
∑
k+3l=m2−1
ck
(
u3d
)k/3
= d2(m2−1)/3
∑
k+3l=m2−1
ck
(
t2 −Δ)k/3
where the coefficient ck depends only on Δ. This implies that for almost all t ∈ S∩[−
√
Δ,
√
Δ ],
E˜d is of positive rank. Hence there exists a t such that (Ed, E˜d) is a positive rank pair. This
implies that S is dense in R.
So we are left with one last case.
Case 2B. Suppose t0 is such that Q(t0) = t20 − Δ > 0. Choose a point (X0, Y0), with large
X0 > 0. Then x0 > 0 and B = b−Δx30 < 0. So the conic Cx0 is a hyperbola with a rational point
(y = y0, t = t0). By taking X0 suitably large we can ensure that
Θx0 :=
{
t ∈ K: there exists y ∈ K − {0} with (y, t) ∈ Cx0(K)
}
is dense in (−∞,−√Δ − ] ∪ [√Δ + ,∞) for any given  > 0. A similar argument as above
ensures that the points (x0Q(t), ytQ(t)) are almost always of infinite order in the elliptic fiber Et .
Hence
S ∩ (−∞,−√Δ ]∪ [√Δ,∞) is dense in (−∞,−√Δ ]∪ [√Δ,∞).
An application of the linear stratification, as in Case 2A, fills in the gap.
The statement about the F4 fibration follows from Theorem 1.5, proved in the previous sec-
tion.
This concludes the proof of Theorem 1.3.
5. General cubic families
In this section we study Mazur’s question for a general cubic family given by
Et :y
2 = x3 +C1(t)x +C2(t)
where C1 and C2 stand for cubic polynomials over K . Let C1(t) = at3 + 3bt2 + ct + d , and
C2(t) = et3 + 3f t2 + gt + h, with at least one of a or e non-zero. In this case the intersecting
elliptic fibration is given by
E∗x :v2 = u3 +A(x)u+B(x),
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A(x) = (ax + e)(cx + g)− 3(bx + f )2,
B(x) = (ax + e)2(x3 + dx + h)− (bx + f )[(ax + e)(cx + g)− 2(bx + f )2].
The correspondence of K-rational points between the two fibrations is given by
(x, y) ∈ Et(K) →
(
(ax + e)t + (bx + f ), (ax + e)y) ∈ E∗x (K),
(u, v) ∈ E∗x (K) →
(
x, v/(ax + e)) ∈ E(u−bx−f )/(ax+e)(K).
Of course the correspondence is off the curve ax + e = 0.
Suppose for some t we have rank(Et (K)) > 0. The Weierstrass equation for the elliptic fi-
bration {E∗x } defines an elliptic surface E∗ over Et/K . If the section Et corresponds to a torsion
point of order N in the generic fiber then by the specialization theorem we get a non-constant
rational map over K ,
Et → X1(N),
P = (x, y) → (E∗x , P¯ )
where P¯ = ((ax + e)t + (bx + f ), (ax + e)y). The modular curve X1(N) has genus 2 or more
for N > 12. Hence the above rational map can exist only for N  12. In words this means that
for a positive rank fiber Et only finitely many points may correspond to torsion points of order
larger than 12 in the fibration {E∗x }.
The division polynomials ψ∗2m (m  12) for the elliptic curves E∗x , when evaluated at the
point P¯ gives a polynomial ψ∗2m in two variables x and t . Since A and B do not involve t , we
get that ψ∗2m (x, t) is of degree m2 − 1, as a polynomial in t with leading coefficient m2(ax +
e)m
2−1
. Hence ψ∗2m is not identically zero for any m 12. For each m, we can write ψ∗2m (x, t) =∑
p∗m,k(t)xk , where each p∗m,k is a polynomial in one variable of degree at most m2 − 1. This
gives a finite set of polynomials. So there is a finite set F ∗ ⊂ K such that for t ∈ K − F ∗, we
have ψ∗2m (x, t) = 0 as a polynomial in x for all m 12. Let B∗ = |F ∗|.
Now suppose we are given at least B∗ + 1 fibers of positive rank in the elliptic fibration Et .
Then we have a t0 ∈ K such that rank(Et0) > 0, and ψ∗2m (x, t0) = 0 for all m 12. So for all but
finitely many P = (x, y) ∈ Et0(K), the corresponding point P¯ is of infinite order on the elliptic
curve E∗x , and hence rank(E∗x ) > 0. In particular, there are arbitrarily large positive K-rational
numbers x with rank(E∗x ) > 0.
Let x be such that ax + e = 0 and rank(E∗x ) > 0. Then a point Q¯ = (u, v) ∈ E∗x (K), gives a
point Q = (x, v/(ax + e)) ∈ E(u−bx−f )/(ax+e)(K). Then arguing as above, we prove that there
exists an x with rank(E∗x ) > 0 and such that all but finitely many points Q¯ ∈ E∗x (K) correspond
to a non-torsion point Q in the fibration {Et }. Hence the set S is dense in
⋃
x∈K−F
rank(E∗(K))>0
Closure
(
Ux/(ax + e)
)
x
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Ux :=
{
u− bx − f ∈ K: there exists v ∈ K such that (u, v) ∈ E∗x (K)
}
.
Suppose a > 0 and x is sufficiently large, then Ux is dense in [r0 − bx − f,∞), where r0 is the
largest real root of the polynomial
U3 +A(x)U +B(x).
Now for x > 0 sufficiently large, the polynomial has only one real root r0, and asymptotically as
x → ∞, r0 < 0 and |r0| 2γ x5/3 (for some absolute positive constant γ ). Hence asymptotically
Ux/(ax + e) is dense in [−γ x2/3,∞). Hence
⋃
x∈K−F
rank(E∗x )>0
Closure
(
Ux/(ax + e)
)⊇ ⋃
x∈K−F
rank(E∗x )>0
[−γ x2/3,∞)= R.
A similar analysis works when a  0.
This completes the proof of Theorem 1.9.
6. Families of type F˜3
An elliptic fibration of type F˜3 is given by the equation
Et :y
2 = x3 + bC(t)2.
Without loss of generality we can assume that C(t) = t3 +αt+β . We also assume that b > 0. Di-
viding the Weierstrass equation by C(t)2, and setting u = xt/C(t), v = y/C(t) and s = x/C(t)
we get the associated elliptic fibration
E∗s :v2 = u3 +A(s)u+B(s)
where A(s) = αs2 and B(s) = (βs3 + b). The correspondence of points is given by
(x, y) ∈ Et(K) →
(
xt/C(t), y/C(t)
) ∈ E∗s=x/C(t)(K),
(u, v) ∈ E∗s (K) →
(
sC(u/s), vC(u/s)
) ∈ E∗r=u/s(K).
Of course we leave out those points for which C(t) = 0 or s = 0 (singular fibers), and the points
at infinity.
Now arguing as in the previous section, we prove that sufficiently many fibers of positive rank
in {Et } give sufficiently many positive rank fibers in the fibration {E∗s }, which in turn implies
that the set S is dense in the set
⋃
s: rank(E∗)>0
Closure(Us/s)
s
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Us :=
{
u ∈ K: there exists v ∈ K such that (u, v) ∈ E∗s (K)
}
.
As before the set Us/s is dense in the interval [r0,∞) or (−∞, r0], depending on the sign of s.
Here r0 denotes the largest real root of the polynomial
T 3 + αT + (β + b/s3).
Now since b > 0, we have the option of picking a point P = (x, y) ∈ Et0(K) with either
s = x/C(t0) > 0 or s = x/C(t0) < 0, and rank(E∗s ) > 0. Also we can take |x| as small as we
please, hence |s| can be as small as we like. Hence |β + b/s3| can be as large as we like.
Suppose s > 0 and sufficiently small. Then the polynomial Ps(T ) has only one real root r0
and r0 < 0. Hence Us/s is dense in [0,∞). On the other hand if s < 0 and sufficiently small,
then Ps(T ) has only one real root r0 and r0 > 0. Hence Us/s is dense in (−∞,0].
The statement about the F˜4 and F˜6 fibrations follows from Theorem 1.9, proved in the previ-
ous section.
This concludes the proof of Theorem 1.7.
Corollary 6.1. Consider the fibration Et :y2 = x3 + A(t)x, where A is a degree 4 polynomial
with a root in K . There exists an absolute constant M depending on the degree [K : Q] such that
|S|M implies that S is dense in R.
Proof. Without loss of generality one can assume that t = 0 is a root of A. Then divide the
equation of Et by t6, and define new variables Y = y/t3, X = x/t2, and s = 1/t to get a fibration
of type F˜4 given by
Es :Y
2 = X3 +B(s)X
where B is a cubic polynomial. 
Remark. In an F˜3 fibration with b < 0, we can show that S is dense in an interval of the form
(−∞,L], for some L.
7. Conclusion
The method used here fails in the case of fibrations generated by higher degree polynomials,
as there is no apparent way to construct intersecting conic or elliptic fibrations. In this context let
us mention that it will be of interest to prove Mazur’s conjecture for the following families:
Et :y
2 = x3 +A(t)x with deg(A) = 4,
Et :y
2 = x3 +B(t) with deg(B) = 4,5,6.
The only property of real numbers that we used is that the group E(R) has no infinite ‘small’
subgroup. This was used in the case of cubic families. In the case of quadratic families we can
even allow K to be non-real.
266 R. Munshi / Journal of Number Theory 125 (2007) 254–266We also note that it seems probable, as in the case of a quadratic family, that one fiber of
positive rank is enough to produce a dense set of positive rank fibers in any cubic family. Proving
this will probably require an explicit computation of the division polynomials.
Though in our treatment the general families do not appear to be any more difficult to deal
with than an isotrivial family, it seems likely that isotrivial families will be easier to deal with
in the case of higher degree families, or for tackling the question of existence of a positive rank
fiber.
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